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Abstract—The majorizing measure theorem of Fernique and
Talagrand is a fundamental result in the theory of random
processes. It relates the boundedness of random processes in-
dexed by elements of a metric space to complexity measures
arising from certain multiscale combinatorial structures, such
as packing and covering trees. This paper builds on the ideas
first outlined in a little-noticed preprint of Andreas Maurer to
present an information-theoretic perspective on the majorizing
measure theorem, according to which the boundedness of random
processes is phrased in terms of the existence of efficient variable-
length codes for the elements of the indexing metric space.

Index Terms—majorizing measures, Gaussian processes,
stochastic processes, variable-length codes on metric spaces.

I. INTRODUCTION

LET (T, d) be a compact metric space, and let (Xt)t∈T be
a zero-mean random process indexed by the elements of

T and satisfying the increment condition

P
[
|Xs −Xt| ≥ ud(s, t)

]
≤ 2e−u2

, s, t ∈ T, u > 0. (1)

The question of boundedness of the expected supremum
E[supt∈T Xt] arises in a variety of applications, such as high-
dimensional probability, convex geometry, functional analy-
sis, theoretical computer science, mathematical statistics, and
learning theory [1]. A fundamental result of Fernique [2] and
Talagrand [3] states that, for any fixed but arbitrary t0 ∈ T ,

E
[
sup
t∈T

|Xt −Xt0 |
]
≲ inf

µ∈P(T )
sup
t∈T

Iµ(t), (2)

where P(T ) is the set of all Borel probability measures on T ,

Iµ(t) :=

∫ diam(T )

0

√
log

1

µ(B(t, ε))
dε (3)

is the Fernique–Talagrand functional, and a ≲ b indicates
that a ≤ Cb for some absolute constant C > 0. Here,
diam(T ) := sup{d(s, t) : s, t ∈ T} is the (finite) diameter
of T , B(t, ε) denotes the closed ball of radius ε centered at
t, and the logarithm is taken to base 2. Moreover, if (Xt)t∈T

is a Gaussian process and T is endowed with the canonical
metric

d(s, t) :=
√

E[(Xs −Xt)2], (4)

then the bound (2) can be reversed [3]:

E
[
sup
t∈T

|Xt −Xt0 |
]
≳ inf

µ∈P(T )
sup
t∈T

Iµ(t). (5)
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The inequality (2) says that the expected supremum of (Xt)
is bounded provided there exists at least one µ ∈ P(T ), such
that supt∈T Iµ(t) < ∞ (such probability measures are called
majorizing measures); moreover, for Gaussian processes, the
existence of a majorizing measure is equivalent to bounded-
ness of expected suprema.

While the Fernique–Talagrand functional provides sharp
bounds on the expected supremum of (Xt), the machinery of
majorizing measures was eventually replaced by an equivalent
combinatorial framework involving various multiscale discrete
structures, such as covering and packing trees (see, e.g., [4]
or [1, Ch. 6]). In a little-noticed preprint [5], A. Maurer has
provided an alternative information-theoretic perspective on
majorizing measures starting from the observation that the
integrand in (3) has an information-theoretic flavor–indeed,
log 1

µ(B(t,ε)) is (roughly) proportional to the number of bits
one would use to localize a point t ∈ T up to a ball of radius
ε when given a ‘prior’ probability measure µ ∈ P(T ). Building
on this intuition, Maurer used the well-known correspon-
dence between probability measures and uniquely decodable
codes on a discrete (finite or countably infinite) alphabet
[6, Sec. 5.5] to show that the Fernique–Talagrand functional
can be bounded both from above and from below in terms
of information-theoretic quantities pertaining to sequences of
variable-length lossy codes on T that allow for arbitrarily
accurate reconstruction of the points t ∈ T using sufficiently
long codewords, with the metric d playing the role of the
fidelity criterion [7].

In this paper, we develop this perspective further by giv-
ing a more direct construction of multiscale variable-length
codes that allows us to seamlessly recover a number of
existing bounds on expected suprema. Moreover, we derive
an information-theoretic version of the lower bound (5) for
Gaussian processses that matches our upper bounds up to a
multiplicative constant. In terms of applications, we expect
these results to be of use in analyzing the statistical perfor-
mance of machine learning algorithms through the lens of data
compression and the Minimum Description Length principle
[8], [9].

The remainder of the paper is organized as follows. Sec-
tion II contains preliminary material related to variable-length
codes (VLC’s) on metric spaces and to the Fernique–Talagrand
functional (3). In particular, the key notion of an admissible
sequence of VLC’s is introduced in Section II-A. Section III
presents upper bounds on the expected supremum of a centered
random process satisfying the subgaussian increment condition
(1) in terms of admissible sequences of VLC’s. The starting
point is Theorem 2, which gives a high-probability upper
bound on the supremum of the process (Xt) for all t in
a small ball around an arbitrary point t0 ∈ T in terms
of a certain functional on admissible sequences of VLC’s.
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Compared to an analogous result of Maurer [5, Theorem 6],
which was stated for all t ∈ T , this local control allows for
a more refined characterization of the expected supremum in
Theorem 3. The estimate in Theorem 3 appears to be new. In
Section III-A, we show that several existing upper bounds can
be recovered using explicitly constructed sequences of VLC’s.
Then, in Section III-B, we use Theorem 3 to obtain an upper
bound on the expected supremum in terms of an arbitrary
uniquely decodable code (Theorem 7). In Section IV, we use
the machinery of VLC’s to obtain matching (up to constants)
lower bounds for Gaussian processes with the canonical metric
(4). This is a new result that further extends the scope of
Maurer’s preprint [5], which was only concerned with upper-
bounding the expected supremum of a subgaussian process.
The key ingredient is a recursive construction of a family of
VLC’s, which can serve as a coding-theoretic counterpart of
the recursive partitioning scheme used by Bednorz [10] and
Talagrand [11] in their proof of the lower bound for Gaussian
processes. The two key results of that section are Theorem 8
and Theorem 9. Finally, in Section V, we present an alternative
analysis using random VLC’s and, in particular, obtain the
counterparts of Theorems 7 and 8.

II. PRELIMINARIES

A. Variable-length codes on metric spaces

Let a compact metric space (T, d) be given, with
diam(T ) = 1. A variable-length code (VLC) on T is a
pair (π, f), where π : T → T is a mapping whose image
π(T ) is a discrete subset of T and f : π(T ) → {0, 1}∗ is a
uniquely decodable representation of the elements of π(T ) by
finite-length binary strings. In particular, it satifsies the Kraft–
McMillan inequality ∑

s∈π(T )

2−ℓ(f(s)) ≤ 1, (6)

where ℓ(·) denotes the length of a binary string. We say that
a VLC (π, f) operates at resolution ρ ≥ 0 if d(t, π(t)) ≤ ρ
for all t ∈ T (if ρ = 0, then T is necessarily discrete, and
(π, f) is lossless). A natural procedure for constructing such
VLC’s is to fix a ρ-partition A of T , i.e., a family of disjoint
subsets A ⊆ T of diameter at most ρ whose union is all of T ;
if ρ > 0, then it is always possible to find a finite partition by
compactness of T . Then, picking a point sA in each A ∈ A, we
take π(t) := sA(t), where A(t) is the unique element of A that
contains t. The mapping π constructed in this way is evidently
idempotent, i.e., π ◦ π = π. Finally, with π(T ) = {sA : A ∈
A}, we can choose any mapping f : π(T ) → {0, 1}∗ that
satisfies (6). For instance, we can pick any µ ∈ P(T ) such
that µ(A) > 0 for all A ∈ A and let f be the Shannon code
with codelengths ℓ(f(sA)) = ⌈log 1

µ(A)⌉, A ∈ A.
We will be working with sequences of VLC’s that operate

at multiple scales. We will say that C = {(πk, fk)}k∈N is
admissible if the following conditions are satisfied:

(i) for each k ∈ N, πk is idempotent and there exists a
mapping φk|k+1 : T → T , such that πk = φk|k+1 ◦πk+1;

(ii) (πk, fk) operates at resolution ρk, and ρk → 0 as k → ∞;
(iii) for each t and each k, ℓ(fk ◦πk(t)) ≤ ℓ(fk+1 ◦πk+1(t)).

We also define (π0, f0) with π0(T ) = {t0} and ℓ(f0(t0)) = 0
for a fixed but arbitrary point t0 ∈ T . Condition (i) says that,
for each t, the encoding πk(t) can be determined from any
πm(t), m > k, without knowledge of t. We can take φk|k+1 =
πk without loss of generality since πk = φk|k+1 ◦ πk+1 =
φk|k+1 ◦ πk+1 ◦ πk+1 = πk ◦ πk+1. This implies that the
partition Ak+1 induced by πk+1 is a refinement of Ak, and
for each t ∈ T the sets Ak(t) (of diameter ρk) are nested,
i.e., T ≡ A0(t) ⊇ A1(t) ⊇ A2(t) ⊇ . . . . Conditions (i) and
(ii) imply that ρk ↘ 0 as k → ∞. Finally, condition (iii)
constrains the binary descriptions of each t to become more
‘informative’ as k increases.

A natural procedure for constructing an admissible sequence
of VLC’s is to start with an increasing sequence (Ak)k≥1 of
partitions of T such that each A ∈ Ak has diameter at most
ρk, with ρk ↘ 0 as k → ∞. The mappings πk are constructed
exactly in the same manner as for a single partition, so that
conditions (i)–(ii) will be satisfied automatically. To construct
the binary encodings fk satisfying condition (iii), choose some
µ1 ∈ P(T ) such that µ1(A) > 0 for all A ∈ A1; then, for
each k ≥ 1 and each B ∈ Ak, choose a probability measure
νk+1(·|B) ∈ P(T ) such that νk+1(A|B) > 0 for each A ∈
Ak+1(B) := {A ∈ Ak+1 : A ⊆ B} and 0 otherwise. This
defines a sequence of probability measures (µk)k≥1 by

µk+1(·) =
∑

B∈Ak

νk+1(·|B)µk(B), (7)

and we can choose each fk so that (ignoring the rounding
issues) for each t ∈ T and each k we have

ℓ(fk+1 ◦ πk+1(t)) ≈ log
1

µk+1(Ak+1(t))

= log
1

µk(Ak(t))
+ log

1

νk+1(Ak+1(t)|Ak(t))

≥ log
1

µk(Ak(t))

≈ ℓ(fk ◦ πk(t)),

where in the second line we have used the fact that
Ak+1(t) ∈ Ak+1(Ak(t)), and therefore µk+1(Ak+1(t)) =
νk+1(Ak+1(t)|Ak(t))µk(Ak(t)).

In fact, there is no loss of generality to consider admissible
sequences of VLC’s constructed from a single µ ∈ P(T )
rather than from a recursively defined sequence (µk)k≥1. For
convenience, we pick an arbitrary measure µ0 ∈ P(T ).

Proposition 1: Given any increasing sequence (Ak)k≥0 of
partitions of T and any 0 ≤ l < k, for a sequence of
probability measures (µk)k≥0 defined above,

µk(A) = µl(A), ∀A ∈ Al.

Proof: We apply induction on k. When k = 1, µ1(T ) =
µ0(T ) = 1. Assume the statement holds for k − 1. Then for
any l < k and any A ∈ Al, by writing A =

⋃̇
B∈Ak−1(A)B,

we have

µk(A) =
∑

B∈Ak−1(A)

µk(B)
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=
∑

B∈Ak−1(A)

µk−1(B)

=
∑

B∈Ak−1(A)

µl(B)

= µl(A),

where the second equality follows from the definition of µk

in (7) and third equality is due to inductive hypothesis.
Thus, for large enough K ∈ N such that πK(t) is a singleton
for all t ∈ T , if we take µ = µK ,

ℓ(fk ◦ πk(t)) ≈ log
1

µk(Ak(t))
= log

1

µ(Ak(t))

for all k ∈ N.
There is also an alternative ‘top-down’ procedure for con-

structing admissible sequences of VLC’s, suggested by Maurer
[5]. In what follows, we assume that T is discrete and let
f : T → {0, 1}∗ be a uniquely decodable code on T . For any
w ∈ {0, 1}∗, let

f̂(w) := {t ∈ T : w is a prefix of f(t)}

and define the vocabulary of f as the set V(f) of all w ∈
{0, 1}∗ for which f̂(w) is nonempty. Since f is uniquely
decodable, ℓ(f(t)) ≥ 1 for all t ∈ T , but we still have
f̂(e) = T , where e denotes the empty binary word. It is
not hard to show that f is a prefix code if and only if
f̂(f(t)) = {t} for every t ∈ T . For each k ≥ 0, we define the
truncation map Tk : {0, 1}∗ → {0, 1}∗ as follows:

Tk(w) = Tk(w1w2 . . . wℓ(w))

:=


e, k = 0

w1 . . . wk, 0 < k < ℓ(w)

w, k ≥ ℓ(w)

. (8)

We then define, for each k ≥ 0 and each t ∈ T ,

∆k(f, t) := diam
(
f̂(Tk ◦ f(t))

)
= sup{d(s, s′) : Tk ◦ f(t) is a prefix of f(s), f(s′)},

(9)

which gives the worst-case distortion that can be incurred
by truncating the codeword f(t) to length k. The sequence
(∆k(f, t))k≥0 is evidently nonincreasing, and ∆k(f, t) = 0
for all k ≥ ℓ(t) since f is uniquely decodable. Therefore, we
can define the functions ℓ(f, ·, ·) : T × [0,∞) → Z+ by

ℓ(f, t, ε) := min{k ∈ Z+ : ∆k(f, t) < ε} (10)

and f : T × [0,∞) → V(f) by

f(t, ε) := Tℓ(f,t,ε) ◦ f(t). (11)

In other words, f(t, ε) is the operation of truncating f(t) at the
smallest length needed to localize t within a set of diameter
smaller than ε. We then have the following:

Lemma 1 (Maurer [5]): Let f : T → {0, 1}∗ be a uniquely
decodable code on a discrete metric space (T, d), and consider
the family of sets

Cε(f) := f(T, ε) = {f(t, ε) : t ∈ T} ⊆ V(f), ε ≥ 0. (12)

Then we have the following:

1) For each ε ≥ 0, the set Cε(f) is prefix-free, i.e., no
element of Cε(f) is a prefix of another such element,
and therefore ∑

v∈Cε(f)

2−ℓ(v) ≤ 1. (13)

2) For each ε ≥ 0, the sets f̂(v), v ∈ Cε(f), form an ε-
partition of T .

3) If 0 ≤ ε ≤ ε′, then the partition induced by Cε(f) is a
refinement of the partition induced by Cε′(f).

Proof: Fix some s, t ∈ T and assume f(t, ε) is a
nontrivial prefix of f(s, ε), i.e., f(s, ε) is equal to f(t, ε)w, the
concatenation of f(t, ε) and some w ∈ {0, 1}∗ with ℓ(w) ≥ 1.
Then

f(s) = f(s, ε)v = f(t, ε)wv

for some v ∈ {0, 1}∗. From this and from the definition of
ℓ(f, ·, ·) it follows that ℓ(f, s, ε) ≤ ℓ(f, t, ε), i.e., ℓ(w) = 0.
Consequently, for any s, t ∈ T , either f(s, ε) = f(t, ε) or
neither of f(s, ε) = f(t, ε) is a prefix of the other one. Thus,
Cε(f) is prefix-free.

The prefix-free property of Cε(f) implies that the sets f̂(v),
v ∈ Cε(f), are disjoint—indeed, if t ∈ f̂(v) ∩ f̂(w), then
f(t) = wu = vu′ for some u, u′ ∈ {0, 1}∗, so either w = v
(and thus f̂(v) = f̂(w)) or one of them is a prefix of the
other. Since the latter is impossible, v = w, and thus the sets
f̂(v) are disjoint. Since each t belongs to f̂(f(t, ε)), the sets
f̂(v), v ∈ Cε(f) cover T . Therefore, {f̂(v) : v ∈ Cε(f)} is a
partition of T . Moreover, for any v ∈ Cε(f) there exists some
t ∈ T such that v = f(t, ε) = Tℓ(f,t,ε) ◦ f(t). Then

diam(f̂(v)) = diam(f̂(Tℓ(f,t,ε) ◦ f(t)) = ∆ℓ(f,t,ε) ≤ ε

by definition of ℓ(f, t, ε). This shows that the sets f̂(v), v ∈
Cε(f), form an ε-partition of T .

Finally, if v ∈ V is such that diam(f̂(v)) < ε, we can
extend the maps ℓ(f, ·, ε) and f(·, ε) to v by

ℓ(f, v, ε) := min{k : diam(f̂(Tk(v))) < ε},
f(v, ε) := Tℓ(f,v,ε)(v).

Let 0 ≤ ε ≤ ε′ be given. Then we claim that the map f(·, ε′)
maps Cε(f) onto Cε′(f). This follows from the projection
formula

f(t, ε′) = f(f(t, ε), ε′). (14)

To prove the latter, note that, since f(t, ε′) is a prefix of f(t, ε)
which is in turn a prefix of f(t), we have ℓ(f, f(t, ε), ε′) =
ℓ(f, t, ε′). This implies that

f(f(t, ε), ε′) = Tℓ(f,f(t,ε),ε′)(f(t, ε))

= Tℓ(f,t,ε′)(f(t)) = f(t, ε′).

Consequently, f(·, ε′) = f(f(·, ε), ε′), which means that
f(·, ε′) : Cε(f) → Cε′(f) is a surjection. This, in turn, implies
that, for each v ∈ Cε′(f), the set f̂(v) is a disjoint union of
sets of the form f̂(w) for w ∈ Cε(f).



4

Using this lemma, we can construct an admissible sequence of
VLC’s from any uniquely decodable code and any decreasing
sequence of resolution levels:

Theorem 1: Given any uniquely decodable code f : T →
{0, 1}∗ and any sequence (ρk)k≥1 of positive reals monoton-
ically decreasing to 0 with ρ1 < diam(T ), there exists an
admissible sequence of VLC’s C = {(πk, fk)}k≥1 such that

f(t, ρk) = fk ◦ πk(t).

Proof: Define the sets C0 = {e} and Ck := Cρk
(f) for

k ≥ 1. Then, by Lemma 1, the sets C1, C2, . . . are prefix-free
and, for each k, there is a surjection hk : Ck → Ck−1 given
by hk(v) := f(v, ρk−1) with ρ0 = diam(T ), where we have
extended the map f(·, ε) to v ∈ V(f) satisfying diam(f̂(v)) <
ε, as in the proof of Lemma 1. For each t ∈ T , let wk(t) :=
f(t, ρk) ∈ Ck. Then, from the projection formula (14) and
from the definition of hk it follows that

wk(t) = f(f(t, ρk+1), ρk) = hk+1 ◦ wk+1(t).

Now, since V(f) is countable, by the countable axiom of
choice there exists a map g : V(f) → T such that g(v) ∈ f̂(v)
for every v ∈ V(f).1 Let gk := g|Ck

. Since the sets {f̂(v):
v ∈ Ck}, are disjoint, gk is injective and hence invertible.
Therefore, if we take πk := gk ◦ wk, then

πk(t) = gk ◦ wk(t)

= gk ◦ hk+1 ◦ wk+1(t)

= gk ◦ hk+1 ◦ g−1
k+1 ◦ πk+1(t)

=: φk|k+1 ◦ πk+1(t).

Finally, define fk : πk(T ) → {0, 1}∗ by fk ◦ πk(t) := wk(t).
This is a uniquely decodable code since {wk(t) : t ∈ T} is a
prefix-free set, and moreover

ℓ(fk+1 ◦ πk+1(t)) = ℓ(f(t), ρk+1)

≥ ℓ(f(t), ρk)

= ℓ(fk ◦ πk(t)).

Thus, the sequence C = {(πk, fk)}k≥1 of VLC’s constructed
in this manner is admissible.

1This procedure can be made constructive: Let p : {0, 1}∗ → T ∪ {⊥},
where ⊥ is a separate ‘false’ symbol, be a program that accepts a binary
string v ∈ {0, 1}∗ and either returns the unique t ∈ T such that f(t) = v
or ⊥ if there is no such t. Indeed, let {vn : n ∈ N} be the lexicographic
ordering of f(T ); for each n, let tn ∈ T be such that f(tn) = vn. Such
a tn is unique because f is uniquely decodable. Given v ∈ {0, 1}∗, it can
be checked in finitely many steps whether v = vn for some n; if this is the
case, p(v) = tn. Otherwise, p(v) =⊥. Let R ⊆ V(f) × T be the binary
relation defined by (v, t) ∈ R ⇔ t ∈ f̂(v). The relation R is total, i.e., for
any v ∈ V(f) there exists some t ∈ T such that (v, t) ∈ R. The totality
of R is witnessed by p since, for any v ∈ V(f), either p(v) ̸=⊥ or we
can keep adding bits to v until p(w) ̸=⊥ for some w ∈ V(f) with prefix
v. Since v ∈ V(f), this process is guaranteed to terminate in finitely many
steps. The countable axiom of choice then says that there exists a function
g : V(f) → T , such that

graph(g) := {(v, g(v)) : v ∈ V(f)} ⊆ R.

The function g can be straightforwardly constructed using the program p.

B. Some facts about the Fernique–Talagrand functional

The Fernique–Talagrand functional (3) can be expressed
in terms of increasing sequences of partitions. To that end,
following Bednorz [10], we define the following functional
on pairs of probability measures µ, ν ∈ P(T ):

M(µ, ν) :=

∫
T

∫ 1

0

√
log

1

µ(B(t, ε))
dε ν(dt).

Then Iµ(t) = M(µ, δt), where δt is the Dirac measure
centered at t, and the bounds (2) and (5) can be expressed
as

E
[
sup
t∈T

Xt

]
≲ inf

µ
sup
t

M(µ, δt) = inf
µ

sup
ν

M(µ, ν)

and (for Gaussian processes on T with the induced metric)

E
[
sup
t∈T

Xt

]
≳ inf

µ
sup
t

M(µ, δt) = inf
µ

sup
ν

M(µ, ν).

We then have the following upper bounds on Iµ(t) and
M(µ, ν) [10]: Let A = (Ak)k≥1 be an increasing sequence
of partitions of T , such that diam(A) ≤ r−k for all A ∈ Ak

and all k for some r > 1. Then, setting A0 = {T}, we have

Iµ(t) ≤
∑
k>0

r−k+1

√
log

µ(Ak−1(t))

µ(Ak(t))

and

M(µ, ν) ≤
∑
k>0

r−k+1
∑

B∈Ak−1

∑
A∈Ak(B)

ν(A)

√
log

µ(B)

µ(A)
.

We can express these bounds in information-theoretic terms.
Let us define, for any k ≥ 1 and any B ∈ Aj with j < k, the
entropy and the cross-entropy

HAk|B(µ) := −
∑

A∈Ak

µ(A|B) logµ(A|B),

HAk|B(µ, ν) := −
∑

A∈Ak

µ(A|B) log ν(A|B).

Using Jensen’s inequality and the bound infµ supt M(µ, δt) ≤
supµ M(µ, µ) [10], [12], we can obtain the following:

Proposition 2: For any r > 1,

E
[
sup
t∈T

Xt

]
≲ inf

A
sup
µ

∑
k>0

r−k+1
∑

B∈Ak−1

µ(B)
√
HAk|B(µ),

where the infimum is over all increasing sequences A =
(Ak)k≥1 of partitions of T with diam(A) ≤ r−k for all
A ∈ Ak, k ≥ 1.

III. THE UPPER BOUND AND SOME CONSEQUENCES

To keep things simple, we will assume for the remainder of
the paper that T is finite. For infinite T , one can define

E
[
sup
t∈T

Xt

]
:= sup

{
E
[
sup
t∈S

Xt

]
: S ⊂ T, S finite

}
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following Talagrand [1], thus reducing the analysis to the finite
case.

Let C = {(πk, fk)}k∈N be an admissible sequence of VLC’s
on T , where each (πk, fk) operates at resolution ρk. Let also
p = (pk)k≥1 be a positive probability mass function on N and
define the functional

σ̄(C,p)(t) :=
∑
k>0

ρk−1

√
ln

2ℓ(fk◦πk(t))+1

pk
, (15)

where we have set ρ0 = diam(T ) ≡ 1. The following is a
generalization of [5, Thm. 6]:

Theorem 2: Let (Xt)t∈T be a centered random process
satisfying the increment condition (1). Let (C,p) be given,
such that σ̄(C,p)(t) is finite for all t ∈ T . Fix an arbitrary point
t0 ∈ T . Then, for any u > 0, ε > 0, and any A ⊂ B(t0, ε),

|Xt −Xt0 | ≤ σ̄(C,p)(t) + uR(ε), for all t ∈ A

with probability at least 1− e−u2

where R(ε) =
∑

k≥k̄ ρk−1

with k̄ ∈ N chosen so that ρk̄ < ε ≤ ρk̄−1.

Proof: Since T is finite, for each t ∈ T there exists some
k = k(t) ∈ N, such that t = πk(t) = πk+1(t) = . . .. Given
C, there is a natural choice of a sequence of admissible VLCs
for A. Let k̄ ∈ N be such that ρk̄ < ε ≤ ρk̄−1. For k ≥ k̄,
since πk operates at resolution ρk, card(πk(A)) is at least
two. It is clear that (πA

k := πk|A, fk|A)k≥k̄ is admissible. Let
πA
k̄−1

(t) = t0 for t ∈ A. For k ≥ k̄, let Sk := πA
k (A) and

define ξk : Sk → R by

ξk(s) := d(s, πA
k−1(s))

√
ln

2ℓ(fk(s))+1

pk
+ u2

and the event Ek :=
{
∃s ∈ Sk such that |Xs −XπA

k−1(s)
| >

ξk(s)
}

. Then for any t ∈ A we can form the chaining
decomposition [1, p. 19]

Xt −Xt0 =
∑
k≥k̄

(XπA
k (t) −XπA

k−1(t)
). (16)

Using the increment condition (1) and the Kraft–McMillan
inequality, we have

P[Ek] ≤
∑
s∈Sk

P[|Xs −XπA
k−1(s)

| > ξk(s)]

≤ 2
∑
s∈Sk

exp

(
− ξ2k(s)

d2(s, πA
k−1(s))

)

= 2
∑
s∈Sk

exp

(
− ln

2ℓ(fk(s))+1

pk
− u2

)
= pke

−u2 ∑
s∈Sk

2−ℓ(fk(s))

≤ pke
−u2

.

Then

P

[
∃t ∈ A such that |Xt −Xt0 | >

∑
k≥k̄

ξk(π
A
k (t))

]

≤ P

[
∃t ∈ A such that

∑
k≥k̄

(
|XπA

k (t) −XπA
k−1(t)

| − ξk(π
A
k (t))

)
> 0

]

≤ P

[⋃
k

Ek

]
≤ e−u2

,

where the last step follows from the assumption on the weights
pk. Thus, since d(πA

k (t), π
A
k−1(t)) ≤ ρk−1 for k > k̄ and

d(πA
k̄
(t), πA

k̄−1
(t)) = d(πA

k̄
(t), t0) ≤ ε ≤ ρk−1,

|Xt −Xt0 | ≤ σ̄(C,p)(t) + u
∑
k≥k̄

ρk−1, for all t ∈ A

with probability at least 1 − e−u2

. This completes the proof.

Corollary 1: Under the same assumptions as in Theorem 2,

E
[
sup
t∈T

Xt

]
≤ 2 inf

(C,p)
sup
t∈T

σ̄(C,p)(t).

Proof: Applying Thm. 2 with A = T , ε = ρ0 = 1, and
k̄ = 1 yields that, for any u > 0,

|Xt −Xt0 | ≤ σ̄(C,p)(t) + u
∑
k>0

ρk−1, ∀t ∈ T

with probability at least 1− e−u2

. Since ℓ(fk ◦πk(t)) ≥ 1 for
k ≥ 1 by the unique decodability of fk : Sk → {0, 1}∗, it
follows that 2ℓ(fk◦πk(t))+1

pk
≥ 4, and thus∑

k>0

ρk−1 ≤ σ̄(C,p)(t) ∀t ∈ T,

which implies that, for any u > 0,

|Xt −Xt0 | ≤ σ̄(C,p)(t)(u+ 1), ∀t ∈ T

with probability at least 1 − e−u2

. By letting ā :=
supt∈T σ̄(C,p)(t) and Z̄ := supt∈T |Xt −Xt0 |, the inequality
above can be rewritten as P[Z̄ > ā + u] ≤ e−u2/ā2

for all
u > 0, so

E
[
sup
t∈T

Xt

]
= E

[
sup
t∈T

(Xt −Xt0)
]

≤ E[Z̄]

=

∫ ∞

0

P[Z̄ > r] dr

=

∫ ā

P[Z̄ > r] dr +

∫ ∞

ā

P[Z̄ > r] dr

≤ ā+

∫ ∞

0

e−u2/ā2

du ≤ 2ā.

Now take the infimum over all (C,p).
To further exploit the properties of admissible sequences of

VLC’s, we consider the setting pk = 2−k and ρk = r−k for
some r ≥ 2. Then

σ̄C,p(t) ≤
∑
k>0

ρk−1

√
ℓ(fk ◦ πk(t)) +

∑
k>0

ρk−1

√
ln

2

pk
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≤
∑
k>0

r−k+1
√
ℓ(fk ◦ πk(t)) + 3

≲
∑
k>0

r−k+1
√
ℓ(fk ◦ πk(t)) =: σC(t).

Thus, in what follows, we can focus on σC. Moreover, with this
choice of (ρk), the decaying factor R(ε) of the tail estimate
for supt∈A |Xt − Xt0 | with A ⊂ B(t0, ε) in Theorem 2 can
be controlled by the radius ε up to some constant dependent
on r. Specifically:

Corollary 2: For some r ≥ 2, under the same assumptions
as in Theorem 2 with ρk = r−k for C,

P

[
sup
t∈A

|Xt −Xt0 | ≥ c
(
sup
t∈A

σC(t) + urε
)]

≤ e−u2

(17)

where c > 0 is some universal constant.
Proof: By the choice of k̄, R(ε) =

∑
k≥k̄ r

−k+1 ≲ rε
and, by the choice of (ρk, pk), σ̄C,p(t) ≲ σC(t).
This result is the key element for obtaining an upper bound on
E[supt∈T Xt] for Xt satisfying (1) in terms of an expectation
of σC w.r.t. an appropriately chosen probability measure on
T :

Theorem 3: Let (Xt)t∈T be a centered random process
satisfying the increment condition (1). Let ν ∈ P(T ) be the
probability measure, under which

ν(t) = P
[
Xt = sup

s∈T
Xs

]
, for all t ∈ T.

Given C such that σC(t) < ∞ for all t ∈ T ,

E
[
sup
t∈T

Xt

]
≲ r

∫
T

σC(t)ν(dt). (18)

Proof: Fix t0 ∈ T . Let Yt := |Xt−Xt0 |, α(t) := d(t, t0),
and

J :=

∫
T

α(t)ν(dt),

I := J +

∫
T

α(t)
√
log(1 + α(t)/J)ν(dt).

Moreover, define the sets

U0 :=
{
t ∈ T : α(t) ≤ 2J

}
Un :=

{
t ∈ T : 2nJ < α(t) ≤ 2n+1J

}
for n ≥ 1

V0,n := Un ∩
{
t ∈ T : σC(t) < J

}
Vi,n := Un ∩

{
t ∈ T : J2i−1 ≤ σC(t) < J2i

}
for i ≥ 1.

Let the sets Ωi,n =
{
arg supt∈TXt ∈ Vi,n

}
be such that

(Ωi,n)i,n≥0 forms a partition of Ω by breaking ties suitably.
Then

E
[
sup
t∈T

Yt

]
=
∑
i,n≥0

E[1Ωi,n
sup
t∈T

Yt]

=
∑
i,n≥0

E
[
1Ωi,n

sup
t∈Vi,n

Yt

]
.

For any v > 0,

E
[
1Ωi,n

sup
t∈Vi,n

Yt

]

=

∫ ∞

0

P
[
Ωi,n ∩ { sup

t∈Vi,n

Yt > u}
]
du

≤ vν(Vi,n) +

∫ ∞

v

P
[

sup
t∈Vi,n

Yt > u
]
du.

Taking v = c
(
supt∈Vi,n

σC(t) + r2n+1Jϕ(ν(Vi,n))
)

with c
being the same constant as in Corollary 2, we have∫ ∞

v

P
[

sup
t∈Vi,n

Yt > u
]
du ≤ cr2n+1J

∫ ∞

ϕ(ν(Vi,n))

e−u2

du

≲ r2nJν(Vi,n),

where the first inequality uses Corollary 2 with ε = 2n+1J
and A = Vi,n ⊂ B(t0, 2

n+1J). Therefore,

E
[
1Ωi,n

sup
t∈Vi,n

Yt

]
≲
(

sup
t∈Vi,n

σC(t) + r2n+1Jϕ(ν(Vi,n))
)
ν(Vi,n) + r2nJν(Vi,n)

≲ 2iJν(Vi,n) + r2nJ
(
ν(Vi,n)ϕ(ν(Vi,n)) + ν(Vi,n)

)
.

The function ϕ(x) =
√
log(1/x) satisfies the following

inequality for 0 < a, b ≤ 1 [3]:

aϕ(a) ≤ aϕ(b) + (2e)−1/2b. (19)

Using this with a = ν(Vi,n) and b = e−i−n, we have

ν(Vi,n)ϕ(ν(Vi,n))

≤ ν(Vi,n)(i+ n)1/2 + (2e)−1/2e−i−n

≤ 2ν(Vi,n)n
1/2 + ν(Vi,n)2

i−n + (2e)−1/2e−i−n,

where the last inequality is due to the fact that (i + n)1/2 ≤
2n1/2 + 2i−n for i, n ≥ 0. Hence,

E
[
1Ωi,n

sup
t∈Vi,n

Yt

]
≲ rJ(2iν(Vi,n) + 2nn1/2ν(Vi,n) + e−i−n).

Using definition of Ui,n, Vi,n again, we have

J
∑
i,n≥0

2iν(Vi,n) ≲
∫

σC(t)ν(dt)

J
∑
i,n≥0

2nn1/2ν(Vi,n) ≲
∫

α(t)
√

log(1 + α(t)/J)ν(dt).

Combining the inequalities above, we obtain

E
[
sup
t∈T

Yt

]
≲ r

(
I +

∫
σC(t)ν(dt)

)
.

Notice that, by log(1 + x) ≤ x and Cauchy-Schwarz,∫
α(t)

√
log(1 + α(t)/J)ν(dt) ≤

∫
α(t)

√
α(t)/Jν(dt)

≤

√∫
α2(t)ν(dt)

≤ diam(T, d).

Then I ≲
∫
σC(t)ν(dt), which concludes the proof.

A. Some consequences

We start by giving the following estimate on σC:
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Theorem 4: Let C = {(πk, fk)}k≥1 be an admissible
sequence of VLC’s with ρk = r−k for some r ≥ 2. Then

σC(t) ≲
∑
k>0

r−k+1
√
ℓ(fk ◦ πk(t))− ℓ(fk−1 ◦ πk−1(t)).

(20)

Proof: Let ℓk(t) := ℓ(fk ◦ πk(t)), with ℓ0(t) ≡ 0. By
admissibility of C, (ℓk(t))k≥1 is a nondecreasing sequence of
positive integers. Therefore,

σC(t) =
∑
k>0

r−k+1
√

ℓk(t)

≤
∑
k>0

r−k+1
√

ℓk(t)− ℓk−1(t) +
∑
k>0

r−k+1
√
ℓk−1(t)

=
∑
k>0

r−k+1
√

ℓk(t)− ℓk−1(t) + r−1σC(t),

which, together with (1− r−1)−1 ≤ 2, gives (20).
For each k > 0, the quantity under the square root in the
upper bound (20) is the extra codelength needed to refine the
description πk−1(t) at resolution r−k+1 to a more accurate
one πk(t) at resolution r−k. Several existing results from the
literature can now be obtained as special cases.

First, we can recover the upper bound in terms of labeled
nets [4], [13]. A labeled net on (T, d) is a pair (A, L), where
A = (Ak)k≥1 is an increasing sequence of partitions of T ,
such that diam(A) ≤ r−k for all A ∈ Ak and all k ≥ 1,
and L : A → N is a labeling function satisfying the condition
{L(A) : A ∈ Ak+1(B)} = {1, . . . , |Ak+1(B)|} for all B ∈
Ak and all k.

Theorem 5: For each labeled net (A, L), there exists an
admissible sequence of VLC’s, such that

σC(t) ≤ c1
∑
k>0

r−k+1
√

logL(Ak(t)) + c2, (21)

where c1, c2 > 0 are universal constants.
Proof: We will use the construction described in Sec-

tion II-A. To that end, define a subprobability measure

µ′
1(·) =

6

π2

∑
A∈A1

1

L2(A)|A|
1A(·)

so that µ′
1(A) = 6

π2L2(A) for each A ∈ A1, and, for each k
and B ∈ Ak, a subprobability measure

ν′k+1(·|B) :=
6

π2

∑
A∈Ak+1(B)

1

L2(A)|A|
1A(·),

so that ν′k+1(A|B) = 6
π2L2(A) for every A ∈ Ak+1(B). Con-

sequently, there exist probability measures µ1(·) ≥ µ′
1(·) and

νk+1(·|B) ≥ ν′k+1(·|B). Then, with µk defined recursively via
(7), we have

ℓ(fk+1 ◦ πk+1(t))− ℓ(fk ◦ πk(t))

≤ log
1

µk+1(Ak+1(t))
− log

1

µk(Ak(t))
+ 1

= log
1

νk+1(Ak+1(t))|Ak(t))
+ 1

≤ log
1

ν′k+1(Ak+1(t)|Ak(t))
+ 1

≤ 2 logL(Ak+1(t)) + log
π2

6
+ 1.

The inequality (21) then follows from Theorem 4.
In a similar way, we can recover a bound of Bednorz [10] that
involves an increasing partition just like above:

Theorem 6: For each sequence of partitions as in Theorem 5
and each µ ∈ P(T ), there exists an admissible sequence C of
VLC’s, such that

σC(t) ≤
∑
k>0

r−k+1

√
log

µ(Ak−1(t))

µ(Ak(t))
+ 2. (22)

Proof: Without loss of generality, we may assume that
µ(A) > 0 for all A ∈ Ak and all k. We follow the same
steps as in the proof of Theorem 4, but take µ1 = µ and
νk+1(·|B) = µ(·|B) for all k and all B ∈ Ak. Then, for every
B ∈ Ak and A ∈ Ak+1(B), νk+1(A|B) = µ(A|B) = µ(A)

µ(B) ,
and

ℓ(fk+1 ◦ πk+1(t))− ℓ(fk ◦ πk(t)) ≤ log
µ(Ak(t))

µ(Ak+1(t))
+ 1

= log
µ(Ak(t))

µ(Ak+1(t))
+ 1.

Summing over k, we get (22).

B. Upper bounds via uniquely decodable codes

In II-A, we described the procedure for constructing an ad-
missible sequence of VLC’s from a single uniquely decodable
code on T . Using this procedure, we can translate previously
stated bounds into ones that are based on a single prescribed
code. For any uniquely decodable code f : T → {0, 1}∗, let

σf (t) :=

∫ diam(T )

0

√
ℓ(f, t, ε) dε,

where ℓ(f, t, ε) is defined in (10).
Proposition 3: Given a uniquely decodable code f and r ≥

2, there exists an admissible sequence C of VLC’s with ρk =
r−k such that

r−2σC(t) ≤ σf (t) ≤ σC(t), ∀ t ∈ T.

Proof: By definitions of ℓ(f, t, ε) and f(t, ε) and from
Theorem 1, ℓ(f, t, r−k) = ℓ(f(t, r−k)) = ℓ(fk ◦ πk(t)). Also,

r−2σC(t) =
∑
k>0

r−k
√

ℓ(f, t, r−k+1)

≤
∑
k>0

(r − 1)r−k
√
ℓ(f, t, r−k+1)

≤ σf (t) =
∑
k>0

∫ r−k+1

r−k

√
ℓ(f, t, ε) dε

≤
∑
k>0

(r − 1)r−k
√
ℓ(f, t, r−k) ≤ σC(t).

Combining Theorem 3 and Proposition 3 gives the following
bound on the expected supremum of Xt based on uniquely
decodable codes:
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Theorem 7: Given a uniquely decodable code f such that
σf (t) < ∞ for all t ∈ T ,

E
[
sup
t∈T

Xt

]
≲ r3

∫
T

σf (t)ν(dt)

≤ r3 sup
t∈T

σf (t).

where ν ∈ P(T ) is defined in Theorem 3.

IV. THE LOWER BOUND FOR GAUSSIAN PROCESSES

We now consider the case when the process (Xt)t∈T is
Gaussian and T is endowed with the canonical metric (4).
We will use L,L1, . . . to denote various absolute constants.
Note that their values are not necessarily the same in different
appearances. The main technical tool for the lower bound
is the following improvement of Sudakov minoration [1,
Prop. 2.4.9]:

Proposition 4 (): Let t1, . . . , tm ∈ T be such that
d(tℓ, tℓ′) ≥ a if ℓ ̸= ℓ′. Consider b > 0 and, for each ℓ ≤ m,
a finite set Hℓ ⊂ B(tℓ, b). Then for H =

⋃
ℓ≤m Hℓ we have

E
[
sup
t∈H

Xt

]
≥ a

L1

√
logm− L2b

√
logm+min

ℓ≤m
E
[
sup
t∈Hℓ

Xt

]
.

When b ≤ a/(2L1L2), we have

E
[
sup
t∈H

Xt

]
≥ a

2L1

√
logm+min

ℓ≤m
E
[
sup
t∈Hℓ

Xt

]
.

Another ingredient is the construction of an increasing se-
quence of partitions on T . We follow Bednorz [10] and
Talagrand [11] and use a greedy procedure to construct the
partitions (Ak)k≥0 for a fixed r > 1. For any A ⊆ T , let
G(A) := E[supt∈A Xt]. Let A0 = {T}. To construct Ak for
k ≥ 1 from Ak−1, we partition each B ∈ Ak−1 into sets
A1, . . . , Am as follows: Let B0 := B and choose t1 ∈ B0 so
that

G(B(t1, r
−k−1/2) ∩B0) = max

t∈B0

G(B(t, r−k−1/2) ∩B0).

Let A1 := B(t1, r
−k/2)∩B0 and B1 := B0 \A1. Now iterate

this: If, for i ≥ 1, Bi−1 ̸= ∅, choose ti ∈ Bi−1 so that

G(B(ti, r
−k−1/2) ∩Bi−1)

= max
t∈Bi−1

G(B(t, r−k−1/2) ∩Bi−1).

Let Ai := B(ti, r
−k/2) ∩ Bi−1 and Bi := Bi−1 \ Ai

and continue. This procedure is guaranteed to terminate for
some m ≤ N(T, d, r−k/2), where N(T, d, ·) are the covering
numbers of (T, d).

We are now ready to state the majorizing measure theorem
via codes:

Theorem 8: Let (Xt)t∈T be a centered Gaussian process.
For any r ≥ max{2, L}, there exists an admissible sequence
C of VLC’s with ρk ≤ r−k, such that

E
[
sup
t∈T

Xt

]
≳

1

r
σC(t), ∀ t ∈ T. (23)

Proof: Let L = L1L2, where L1, L2 are the contants from
Prop. 4. Given r ≥ L, let (A)k≥0 be an increasing sequence of
partitions as described above. For each k and each A ∈ Ak,

pick a unique point sA ∈ A and then let πk(t) := sAk(t),
where Ak(t) is the unique element of Ak containing t.

We construct the codes fk inductively. Set f0(π0(t)) = e,
the empty string in {0, 1}∗. Assuming f0, . . . , fk−1 have
been constructed, we assign code lengths ℓk(s) to the points
s ∈ πk(T ) and show that this assignment satisfies the Kraft–
McMillan inequality. Thus, there exists a prefix code fk :
πk(T ) → {0, 1}∗ with ℓ(fk(s)) = ℓk(s) for all s ∈ πk(T ).

For each s ∈ πk(T ), let ik(s) ∈ N be the index of the set
Ak(s) ≡ π−1

k (s) as a partition element in Ak−1(s) ≡ π−1
k−1(s)

inherited from the above greedy construction procedure. Then,
with ℓk(s) = ℓ(fk−1 ◦ πk−1(s)) + log(ik(s) + 1)2, we have∑

s∈πk(T )

2−ℓk(s)

=
∑

t∈πk−1(T )

∑
s:πk−1(s)=t

2−ℓ(fk−1(s))−log(ik(s)+1))2

≤
∑

t∈πk−1(T )

2−ℓ(fk−1(t))
∑
i≥1

1

(i+ 1)2
≤ 1.

Hence the existence of a uniquely decodable (prefix) code
fk is guaranteed by Kraft–McMillan inequality. Then, by the
construction procedure and Prop. 4, for each t ∈ T ,

G(Ak−1(t)) ≥ G(Ak+1(t)) + Lr−k
√
log(ik(πk(t))).

Since 1 +
√
log i ≥

√
1 + log i ≥

√
log(i+ 1) for i ≥ 1,

G(Ak−1(t)) + Lr−k

≥ G(Ak+1(t)) + Lr−k
√

log(ik(πk(t)) + 1)2

= G(Ak+1(t)) + Lr−k
√

ℓk(t)− ℓk−1(t),

where ℓk(t) = ℓ(fk ◦πk(t)). Applying induction on G(A0(t))
and G(A1(t)), we obtain

G(T ) + L ≳
∑
k

r−k
√

ℓk(t)− ℓk−1(t), ∀ t ∈ T (24)

Thm. 4 and the fact that G(T ) ≳ diam(T ), so that the
universal constant can be absorbed by G(T ), give the result.

Note that for any k ∈ N and any s ∈ πk−1(T ), in the
construction of codes fk(s) given fk−1(s), we can append
prefix codes with length log(ik(s) + 1)2 to the code fk(s) so
that fk(s) ∈ fk−1(s) ◦ {0, 1}∗. Let f = fK where K ∈ N is
such that π−1

K (t) = t for all t ∈ T . Then

ℓ(f, t, r−k) ≤ ℓ(fk ◦ πk(t)), t ∈ T, k ∈ N

since ∆(π−1
k ◦ πk(t)) ≤ r−k. Thus, Thm. 8 can be stated as

follows:

Theorem 9: Under the same assumption as in Theorem 8,
there exists a uniquely decodable code f : T → {0, 1}∗ such
that

E
[
sup
t∈T

Xt

]
≳

1

r
σf (t), ∀ t ∈ T.

Combining upper bounds in the Theorems 3 and 7 and lower
bounds in Theorems 8 and 9, expected supremum of centered
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Gaussian processes (Xt)t∈T can be characterized as

E
[
sup
t∈T

Xt

]
≍ inf sup

t∈T
σ(t) ≍ inf sup

µ∈P(T )

∫
σ dµ ≍ inf

∫
σ dν,

where σ is either σC or σf , the probability measure ν is same
as in Theorem 3, and the infimum is over either admissible
sequence of codes C or uniquely decodable codes f , depending
on the expression of σ.

V. BOUNDS ON EXPECTED SUPREMA VIA RANDOM CODES

In this section, we present an alternative characterization of
the expected supremum E[supt∈T Xt] via random codes. Let
(Π, F ) be a random variable-length code on T that operates
at resolution level ρ almost surely and whose randomness is
independent of the σ-field induced by (Xt)t∈T . Given any
probability measure µ ∈ P(T ), let τ be a random variable
taking values in T with law µ and let

M∗
µ(ρ) := inf E

√
ℓ(F ◦Π(τ)) (25)

where the infimum is over all random codes (Π, F ) that
operate at resolution level ρ and are independent of τ . In
the following, we use the quantity defined in (25) to obtain
an upper bound on the expected suprema of subgaussian
processes and a matching lower bound for Gaussian processes.

A. The upper bound for subgaussian processes

The argument for the upper bound is very similar to that
in Section III, except here the sequence of VLC’s on T is
not required to be admissible. More specifically, the (random)
codes are chosen independently at each scale, so that the
optimization over the random codes in (25) can be performed
separately at each scale.

We first present a modification of Theorem 2 that does not
require admissibility. Let C = {(πk, fk)}k∈N be an arbitrary
(not necessarily admissible) sequence of VLC’s, where each
(πk, fk) operates at resolution ρk and the sequence (ρk)k∈N
is nonincreasing. Let p = (pk)k≥1 be a positive probability
mass function on N.

Theorem 10: Let (Xt)t∈T be a centered random process
satisfying the increment condition (1). Fix an arbitrary point
t0 ∈ T . Then, for any u > 0, ε > 0, and any A ⊂ B(t0, ε),

|Xt −Xt0 | ≤ 4σ̄(C,p)(t) + 2uR(ε), for all t ∈ A

with probability at least 1 − e−u2

where σ̄(C,p)(t) is defined
in (15) and where R(ε) =

∑
k≥k̄ ρk−1 with k̄ ∈ N chosen so

that ρk̄ < ε ≤ ρk̄−1.
Proof: Let k and k̄ be defined as in the proof of

Theorem 2. Let πA
k := πk|A. For k ≥ k̄, since πk op-

erates at resolution ρk, card(πA
k (A)) is at least two. Let

πA
k̄−1

(t) = t0 for t ∈ A. For k ≥ k̄, let Sk := πA
k (A) and

Uk := {(πA
k (t), π

A
k−1(t)) : t ∈ T} ⊂ Sk × Sk−1 and define

ξk : Uk → R by

ξk(s, s
′) := d(s, s′)

√
ln

2ℓ(fk(s))+ℓ(fk−1(s′))+1

pk
+ u2

and the event Ek :=
{
∃(s, s′) ∈ Uk such that |Xs − Xs′ | >

ξk(s, s
′)
}

. Using the increment condition (1) and the Kraft–
McMillan inequality, we have

P[Ek] ≤
∑

(s,s′)∈Uk

P[|Xs −Xs′ | > ξk(s, s
′)]

≤ 2
∑
s∈Sk

∑
s′∈Sk−1

exp

(
− ξ2k(s, s

′)

d2(s, s′)

)

= 2
∑
s∈Sk

∑
s∈Sk−1

exp

(
− ln

2ℓ(fk(s))+ℓ(fk−1(s
′))+1

pk
− u2

)
= pke

−u2 ∑
s∈Sk

∑
s∈Sk−1

2−ℓ(fk(s))−ℓ(fk−1(s
′))

≤ pke
−u2

.

For any t ∈ A, combining the above estimate with the chaining
decomposition (16) gives

P

[
∃t ∈ A such that |Xt −Xt0 | >

∑
k≥k̄

ξk(π
A
k (t), π

A
k−1(t))

]

≤ P

[
∃t ∈ A such that

∑
k≥k̄

(
|XπA

k (t) −XπA
k−1(t)

| − ξk(π
A
k (t), π

A
k−1(t))

)
> 0

]

≤ P

[⋃
k

Ek

]
≤ e−u2

,

where the last step follows from the assumption on the weights
pk. Thus, since

d(πA
k (t), π

A
k−1(t)) ≤ d(πA

k (t), t) + d(t, πA
k−1(t))

≤ ρk + ρk−1

≤ 2ρk−1

for k > k̄ and d(πA
k̄
(t), πA

k̄−1
(t)) = d(πA

k̄
(t), t0) ≤ ε ≤ ρk−1,

|Xt −Xt0 |

≤
∑
k≥k

ξk(π
A
k (t), π

A
k−1(t))

≤ 2
∑
k>0

ρk−1

√
ln

2ℓ(fk◦πk(t))+1

pk

+ 2
∑
k>0

ρk−1

√
ln 2ℓ(fk−1◦πk−1(t)) + 2u

∑
k≥k̄

ρk−1

≤ 4σ̄(C,p)(t) + 2u
∑
k≥k̄

ρk−1, for all t ∈ A

with probability at least 1 − e−u2

. This completes the proof.

Corollary 3: With the same assumptions in Theorem 3,

E
[
sup
t∈T

Xt

]
≲
∫ 1

0

M∗
ν (ε) dε,
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where ν ∈ P(T ) is for the probability measure ν ∈ P(T )
defined in Theorem 3.

Proof: Let ρk = r−k for some r > 1 and pk = 2−k. Let
{(Πk, Fk)}k∈N be a sequence of independent random VLC’s
on T , where each (Πk, Fk) operates at resolution ρk = r−k.
Applying Theorem 10 and repeating the argument in the proof
of Theorem 3, we have for any realization {(Fk,Πk)}k∈N,

E
[
sup
t∈T

Xt

]
≲
∑
k

r−k+1

∫
T

√
ℓ(Fk ◦Πk(t))ν(dt).

Taking the expectation with respect to the random codes at
each level k yields

E
[
sup
t∈T

Xt

]
≲
∑
k

r−k+1

∫
T

E
√

ℓ(Fk ◦Πk(t)) dν(t).

We can now minimize both sides over all independent se-
quences of random codes {(Πk, Fk)}k∈N under the constraint
that each (Πk, Fk) operates at resolution r−k. Since the codes
for each k are independent, the minimization can be carried
out separately for each k, which gives

E
[
sup
t∈T

Xt

]
≲
∑
k

r−k+1M∗
ν (r

−k).

The integral form in the statement follows by recognizing the
function ε 7→ M∗

ν (ε) is nonincreasing.

B. The lower bound for Gaussian processes
As in the formulation via deterministic codes, we obtain a

matching lower bound in Corollary 3 for Gaussian processes.
Theorem 11: Let (Xt)t∈T be a centered Gaussian process.

Then

E
[
sup
t∈T

Xt

]
≳ sup

µ∈P(T )

∫ 1

0

M∗
µ(ε) dε.

Before proving this lower bound, we first establish two auxil-
iary lemmas. Recall the definition of the functional M(µ, ν)
from Section II-B. The first auxiliary lemma is a restatement
of [10, Theorem 4]. The original argument relies on a dis-
tributional version of super-Sudakov inequality obtained from
careful bi-level grouping of constructed partitions. Below we
provide a simpler argument based on an elementary algebraic
fact.

Lemma 2: For a centered Gaussian process (Xt)t∈T ,

E sup
t∈T

Xt ≳ sup
µ

M(µ, µ).

Proof: Notice that, for any µ ∈ P(T ), any admissible
sequence C of VLCs, and for each k > 0,

1 +

∫
T

√
ℓ(fk ◦ πk(t))µ(dt)

≥
∑

s∈πk(T )

(
2−ℓ(fk(s)) + µ(π−1

k (s))
√
ℓ(fk(s))

)
≥

∑
s∈πk(T )

µ(π−1
k (s))

√
log

1

µ(π−1
k (s))

≥
∫
T

√
log

1

µ(B(t, r−k))
µ(dt).

The second inequality uses (19) and the last inequality is due
to the fact that π−1

k ◦ πk(t) ⊂ B(t, r−k) for any t ∈ T . Thus,
for some universal constant L > 0,

L+

∫
T

σC dµ ≥
∑
k

∫
T

√
log

1

µ(B(t, r−k))
µ(dt)

for all µ ∈ P(T ). Together with Theorem 8, it implies that

E
[
sup
t∈T

Xt

]
≳
∫ 1

0

∫
T

√
log

1

µ(B(t, ϵ))
µ(dt) dϵ ∀µ ∈ P(T ).

Taking the supremum over µ completes the proof.

The second auxiliary lemma shows that the integrand in the
Fernique–Talagrand functional (3) can be lower-bounded in
terms of a particular random VLC.

Lemma 3: For any ρ > 0 and any µ ∈ P(T ), there exists
a random code (Πµ

ρ , fe) that operates at resolution level ρ, so
that

E
√

ℓ(fe ◦Πµ
ρ (t)) ≤

√
3 log

1

µ(B(t, ρ))
+ 2 ∀t ∈ T

Proof: We make use of the following random code
construction due to Kontoyiannis [14]. Let U = (U1, U2, . . .)
be i.i.d. samples drawn from µ and for each t ∈ T define the
waiting time

τt = inf{i ≥ 1 : d(t, Ui) ≤ ρ}.

Then Πµ
ρ (t) = Uτt . For the binary code, we use Elias’ prefix-

free code for the positive integers [15], so that

ℓ(fe ◦Πµ
ρ (t))

≤ ⌈log(τt + 1)⌉2⌈log(⌈log(τt + 1)⌉+ 1) log(τt + 1)⌉
≤ 2 log τt + 4

Since Eτt = 1
µ(B(t,ρ)) , taking expectations and applying

Jensen’s inequality gives

E
√
ℓ(fe ◦Πµ

ρ (t)) ≤
√

Eℓ(fe ◦Πµ
ρ (t))

≤

√
3 log

1

µ(B(t, ρ))
+ 2.

This completes the proof.

With these two results at hand, we can prove Theorem 11.

Proof of Theorem 11: Combining the results from
Lemmas 2 and 3 yields

E
[
sup
t∈T

Xt

]
≳ sup

µ∈P(T )

∫ 1

0

∫
T

√
log

1

µ(B(t, ϵ))
µ(dt) dϵ

≳ sup
µ∈P(T )

∫ 1

0

∫
T

E
√
ℓ(fe ◦Πµ

ε (t))µ(dt) dε

≳ sup
µ∈P(T )

∫ 1

0

M∗
µ(ε) dϵ.

Putting together the results of Corollary 3 and Theorem 11,
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we see that, for centered Gaussian processes (Xt)t∈T ,

E
[
sup
t∈T

Xt

]
≍ sup

µ

∫ 1

0

M∗
µ(ε) dε ≍

∫ 1

0

M∗
ν (ε) dε

where ν ∈ P(T ) is the probability measure defined in
Theorem 3.
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